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(N. Bergeron) (M. Zabrocki)[l]
[1, 3] [11] $P_{\lambda}=P_{\lambda}(x;q)$ $=$
$\langle\cdot,$ $\cdot\rangle_{HL}[8, p. 225]$
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$f(x)$ $p_{i}(i\geq 1)$
$f(x)$ p $p_{i}$ $p_{i}/(1-q^{i})$
$f(x)$
$f( \frac{x}{1-q})$
H-$L$ $(x;q)$ $Q_{\mu}(x;q)$ $\mu$ $:\langle P_{\lambda}(x;q),$ $Q_{\mu}(x;q)\rangle_{HL}=$
















ch [8, I, 7] $Q_{\mu}’(x;0)=s_{\lambda},$




















$e_{k}= \sum_{1<i_{1}<i_{2}\cdots<i_{k}}x_{i_{1}}x_{i_{2}}\cdots x_{i_{k}}(k\geq1)$ : $Sym=Z[e_{1}, e_{2}\ldots].$
Sym
$e_{k}(k\geq 1)$ $\sum_{k\geq 0}e_{k}t^{k}(e_{0}=1)$ $E(t)$




$\in$ Sym $(k\geq 1)$
$\lambda(t)=\sum_{k\geq 0}\Lambda_{k}t^{k}(\Lambda_{0}=1)$ $t$ $\Lambda_{k}$
$\sigma(t)=\lambda(-t)^{-1}$
$t^{k}$ $k$
$\{\xi_{k}|k\geq 1\}$ ( ) $t$
$\xi(t)=\sum_{k\geq 0}\xi_{k}t^{k}(\xi_{0}=1)$
$k\geq 0$
$\eta(t)=\sum_{k\geq 0}\eta_{k}t^{k}, \eta_{k}=\sum_{I\in Comp(k)}(-1)^{l(I)}\xi_{I}$
$\xi(t)$ Comp(k) $k$
Comp(k) $k$ $It$ $l(I)$






$\omega$ :Sym $arrow$ Sym: $\Lambda_{k}\mapsto S_{k}$ $(k\geq 1)$
$\omega(S_{k})=\Lambda_{k}$ $\omega^{2}=1$ $\omega$ Sym
$\{S_{k}|k\geq 1\}$ Sym :




$n$ $n$ $I=(i_{1}, \ldots, i_{1})$
$|I|=i_{1}+\cdots+i_{l}$ $n$ $I\models n$ $n$
Comp$(n)$
Comp $= \bigcup_{n}Comp(n)$ $I$ $I$ $l(I)$
$I$ $|$ $n$
$n$ $n$ $I$ $n$
$I\vdash n$ $n$ $I=(i_{1}, \ldots, i_{l})$ $\Lambda^{I}=\Lambda_{i_{1}}\cdots\Lambda_{i_{l}},$
$S^{I}=S_{i_{1}}\cdots S_{i_{l}}$
Sym










$I$ $J$ $J=(j_{1}, \ldots,j_{k})\models n$
$I_{i}\models j_{i}$ $i=1,$ $\ldots,$ $k$
$I=I_{1}\bullet$ . . . $\bullet I_{k}$
$A=(a_{1}, \ldots, a_{r}),$ $B=(b_{1}, \ldots , b_{s})\in$ Comp $A\bullet$ $B=$
$(a_{1}, \ldots, a_{r}, b_{1}, \ldots, b_{s})$ $A,$ $B\in$ Comp (concatenation product)
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$I=(2,1,3,1)\models 7$ $J\neg\prec I$ $J$ (2,1,3,1), (2,1,4),
(2,4,1), (3,3,1), (2,5), (3,4), (6,1), (7)






$I=(i_{1}, \ldots, i_{l-1}, i_{l}),$ $J=(j_{1},j_{2}, \ldots,j_{k})$
$I|J$





$\gamma$ : Sym $arrow Sym:\Lambda_{k}\mapsto e_{k}$ $(k\geq 1)$ .
$\gamma(S_{k})=$ $k\geq 1$ $\gamma(R_{I})$
$r_{I}$ (skew)
$Sym$






















$T_{\sigma}$ $:=T_{i_{1}}\cdots T_{i_{l}}$ $S^{(n)}:= \sum_{\sigma\in S_{n}}T_{\sigma}$
[2]:
$Q_{\mu}(x_{1}, \ldots, x_{n};q)=\frac{(1-q)^{l(\mu)}}{[m_{0}]_{q}!}S^{(n)}(x^{\mu})$ .
$m_{0}=n-l(\mu),$ $[k]_{q}=1-q^{k}/1-q,$ $[k]_{q}!=[k]_{q}[k-1]_{q}\cdots[1]_{q},$ $x^{\mu}=x_{1}^{\mu_{1}}\cdots x_{n}^{\mu_{n}}$
$Q_{\mu}(x_{1}, \ldots, x_{n};q)=Q_{\mu}(x_{1}, \ldots, x_{n}, 0;q)$
$Q_{\mu}(x;q)$
H-$L$
H- $L$ H- $L$
H- $L$
[3,
Thm. 6.13]. $n$ $K=(k_{1}, \ldots, k_{n})$ $x_{1},$ $\ldots,$ $x_{n}$
$x^{K}=x_{1}^{k_{1}}\cdots x_{n}^{k_{n}}$
$(i, i+1)\in S_{n}$ $x^{K}$ :










$H_{n}(q)$ $[3, Thm5.1]$ .
$Q_{\mu}(x_{1}, \ldots,x_{n\}}\cdot q)$ $G_{K}(X_{1}, \ldots ,x_{n};q)$ :




$G_{K}(x_{1}, \ldots, x_{n};q)$ $G_{K}(x_{1}, \ldots, x_{n};q)=$





[3, Cor. 6.3]. H-$L$
$Z$ $Z[q]$
$x_{1},$ $x_{2},$ $\ldots$ $K=(k_{1}, \ldots, k_{r})\in$ Comp
$x_{i_{1}}^{k_{1}}\cdots x_{r}^{k_{r}}$ $1\leq i_{1}<1<i_{2}<\cdots<i_{r}$
QSym
Comp
$Z$- $K=(k_{1}, \ldots, k_{r})\in$ Comp
$M_{K}= \sum_{1\leq i_{1}<\cdot\cdot<i_{r}}.x_{i_{1}}^{k_{1}}\cdots x_{i_{r}}^{k_{r}}$
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$\{M_{K}|K\in$ Comp$\}$ Qsym $\{M_{K}|K\models n\}$ Qsym
$n$ $Qsym_{n}$ H-$L$
$QSym_{q}=QSym\otimes_{Z}Z[q]$
[3, Thm. 6.6]. Sym
QSym Hopf :
Sym $arrow QSym:S^{I}\mapsto M_{I}$





$\langle H_{I}(q),$ $G_{J}(x;q)\rangle=\delta_{IJ}(I, J\in Comp)$


















$(i_{l-(m-1)}, \ldots, i_{l})$ $m$
$i_{l-(m-1)}+\cdots+i_{l}$
(tail)
$I=(i_{1}, \ldots, i_{l})\in$ Comp, $l(I)$ $r$
$I_{1}$ $I$ $r$ $I_{2}$ $H_{I}(q)$ $q$ 1 $r$ $\zeta$
[3, Cor. 6.19]:
$H_{I}(\zeta)=H_{I_{1}}(\zeta)H_{I_{2}}(\zeta)$ .
$H_{I}(q)$ [3, Thm. 6.13]
$H_{(2,1,3)}(q)=R_{(2,1,3)}+q^{2}R_{(2,4)}+qR_{(3,3)}+q^{3}R_{(6)},$ $H_{(2,1)}(q)=$





















$\triangle$ $H$ $f\in H$
$R^{q}(f)=q^{\deg(f)}f$ $H$ $R^{q}$
$\tilde{V}^{q}=\overline{V\overline{R^{q}}}$




$A_{\alpha}(R_{I})=R_{I\cdot(\alpha)}$ $I\bullet$ $(\alpha)$ $I$ $(\alpha)$
$=$ H-$L$ $A_{\alpha}$ $q$- :




$[n-1]=\{1, \ldots, n-1\}$ $D(I)$ :
$D(I)=\{i_{1}, i_{1}+i_{2}, \ldots, i_{1}+i_{2}+ \cdots+i_{l-1}\}\subset[n-1].$
$n$ Comp$(n)$ $[n-1]$ $2^{[n-1]}$
$D=\{d_{1}, d_{2}, \ldots, d_{k-1}d_{k}\}\subset[n-1](d_{1}<d_{2}<\cdots<d_{k})$
$I(D)=(d_{1}, d_{2}-d_{1}, \ldots, d_{k}-d_{k-1}, n-d_{k})\models n$ $J\models n$
$J^{c}$
$D(J^{c})=D(J)^{c}$ $D(J)^{c}$ $D(J)$ $[n-1]$
$I,$ $J\models n$ $c(I, J)= \sum_{i\in D(I)\cap D(J)}i$ $H_{I}^{q}$
:
$H_{I}^{q}= \sum_{\prec j_{\neg}I}q^{c(I,J^{c})}R_{J}.$
$I=(2,1,3)$ # $J\neg\prec I$ $J$ (2,1,3), (2,4), (3,3), (6)
$D(J)$ {2, 3}, {2}, {3}, $\emptyset$ . $D(J^{c})$ {1, 4, 5},
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$\mu$ (hook) $H$- $L$
















$\mu,$ $\nu$ $\langle s_{\lambda/\mu},$ $s_{\nu}\rangle=\langle s_{\lambda},$ $s_{\mu}s_{\nu}\rangle$
$s_{\lambda}/\mu$








$Y_{\mu}$ $Y_{\lambda/\mu}$ $\lambda=(5,4,2)$ ,
$\mu=(2,1)$
$\bullet \bullet \bullet$























$I$ (semi-standard tableau) $T$ (reading word) $w(T)$
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[8, I, 9]
$w(T)$ $i$ $\nu_{i}$ $i$ 1








Tab $(\lambda, \mu)$ :
$\Phi$ : $Tab^{0}(I,\lambda)arrow Tab(\lambda,\mu)$ .
$I\backslash \prec\mu$
$\lambda=(3,2,1),$ $\mu=(2,2,1,1),$ $J=(2,3,1)$ $Tab^{0}(I, \lambda)$
1 1
$U= 1 2 2$
3
$w(U)=112213$ $\mu$ $w_{\mu}=(i^{\mu_{i}})_{i\geq 1}$
$w_{\mu}=112234$ $w_{\mu}$ $w(U)$













$=$ $q=1$ $\sum_{J\prec I}R_{J}$ $I$
$Q_{\mu}’(x;1)$ H-$L$
5 $=$ ( 2)
$=$ $Q_{\mu}’(x;q)$ $\tilde{Q}_{\mu}’(x;q)$ $R_{\mu}$
$Q_{\mu}’(x;q)$ $R_{\mu}$
H-$L$ $\tilde{Q}_{\mu}’(x;q)$























$I$ # maj(I) $= \sum_{i\in D(I)}i$ $I$ (major
index)
jam(I) $:=$ maj $(Iarrow)$
(reversed major index) $I=(1,2,1,1)$
jam $(Iarrow)=1+(1+1)+(1+1+2)=7$
$\mu$
$I$ $I\backslash \prec\mu$ $\lambda$
$\Phi:\sqcup_{I\prec\mu}\backslash Tab^{0}(I, \lambda)arrow$ Tab $(\lambda, \mu)$ $U\in Tab^{0}(I, \lambda)$ :
$coch\Phi(U)=jam(I)$ .
$\mu=(2,1,1),$ $\lambda=(3,1)$ $I\backslash \prec\mu$










$\lambda=(3,1)$ $I\neg\prec$ $I$ 11
1 2
$I=(2,2)$ 2. $\Phi$ 11 2
2
1 $I$
$=$ (L- $S$ )
$\tilde{K}_{\lambda\mu}(q)=\sum_{I\prec_{\backslash }\mu}c_{\lambda}^{I}q^{jam(I)}$


















$K_{I}(q)$ $I\models n$ $n$ $r$ , 1 $r$
$\zeta$ $I$ $r$ $I_{2}$ $I_{1}$
:
$K_{I}(\zeta)=K_{I_{1}}(\zeta)K_{I_{2}}(\zeta)$ .
: $I,$ $J\in Comp$
$r$
jam$(I \bullet J)\equiv$ jam$(I)+$ jam$(J)$ $mod r,$




$I,$ $J\models n$ $J\backslash \prec I$
$J$ $I$ (comajor index)
comaj $I(J)$
170
$comaj_{I}(J)=maj(I)-maj(J)$ $I,$ $J$ $J\neg\prec I$
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